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β˙ = − Ieq·C0Ix·m·Vx · β −
(
1 + Ieq·C1Ix·m·V 2x ·
)
· r+
hcr·(m·g·hcr−Ksusp)
Ix·Vx · φv − hcr·bIx·Vx · φ˙v+
Ieq·Cαf
Ix·m·Vx · δ −
g
Vx
· φr
???
r˙ = −C1
Iz
· β − C2
Iz · Vx
· r + a · Cαf
Iz
· δ ???
φ¨v = −C0·hcrIx · β −
(
1 + Ieq·C1Ix·m·V 2x ·
)
· r+
hcr·(m·g·hcr−Ksusp)
Ix·Vx · φv −
Csusp
Ix
· φ˙v+
Cαf ·hcr
Ix
· δ − p˙f
???
??????
C0 = Cαf + Cαr ???
C1 = a · Cαf − b · Cαr ???
C2 = a · C2αf + b · C2αr ???
Ieq = Ix + m · h2cr ???
m ?? ??? ??????? ????? Cαf ??? Cαr ??? ??? ????????? ?????????
?? ??? ????? ??? ???? ????? ????????????? a ??? b ??? ??? ?????????
???? ???????????? ?? ??????????? ?????????????? ???????? ???? ??? ??? ?? ?????? ???? ?
???? ?? ??????? ???? ????? ???? ???? ?????
?? ??? ????? ??? ???? ????? ???? ??? ?????? ?? ??????? ??????
hcr ?? ??? ???????? ???? ???? ?????? ?? ???? Ix ?? ??? ??????
?? ??????? ????? ??? ???? ????? Iz ?? ??? ?????? ?? ??????? ?????
??? ??? ????? g ?? ??? ???????????? ?? ???????? Ksusp ?? ???
???? ?????????? Csusp ?? ??? ???? ??????? ??????????? δ ?? ???
???????? ????? ?????? Vx ?? ??? ???????????? ????????? pf ??
??? ? ????????? ?? ??? ??????? ???????? ?????? ?? ??? ???????
????? ???? ??????? ?? ??? ???????? ??????????? ??? φr ?? ???
???? ???? ??????
??? ???? ?? ??? ???? ???? ????? ?φ˙r? ??? ?? ?????????? ??
??????? ? ??? ???????? r ??? ???????? ??? ??????? ?????
????? ?? ????? ?????
φ˙r ≈ pf + εr ???
??? ???? ???? ????? ?φr? ??? ??? ???? ???????? ?? pf ??? ??
?????????? ?? ??? ???????????? ?? ??????? ????????? ????? ???
???? ??????? ?????????????? ??? ???????????? ??? ?? ??? ????
???? ????????????? ?? ??? ??????? ????????? ???????? ??? ???
???????????? ??? ??? ??????????? ?? ???? ????? ????? ??????????
??? ???????? ?? ??? ???????????? ??? ?? ????????? ?? ???????
???????? ???? ??? ???????????? ??? ?? ??? ???? ??????? ??? ???
?????? ?? ????? ????? ??????? p¨f ??? ε˙r ?????
p¨f = 0 ???
ε˙r = 0 ????
???? ????????? ??? ???? ???? ??????????
??? ???????? ????????? ???????????? ?? ????? ?? ??????
?? ??? ?????????? ??????? ?? ????? ?? ??? ??? ?????????
??? ????? ?????????? ???? ???? ???? ????? ??? ???? ??? ????
???????? ???? ???????? ????? ??????? ???????? ?????? ??? ????
??? ??????? ??????? ?? ? ???? ???????? ???????? ??? ??????
?? ????????? ?????????? ?? ?? ????? ???? ?? ????? ???? ?????
?????????? ?? ???? ?????? ? ??????????? ?????? ????? ?? ???
?? ???? ?? ???? ???? ??????? ??? ????? ??????????? ?? ???
????????? ???????
?? ???? ?????? ??????
??? ?????? ????? ?? ? ???????????? ???? ???? ??? ??????????
??????? ??????? ???? ????? ???????? ???? ???? ? ???????????
?????? ?? ????? ??? ?????????? ?????? ?? ??? ?????? ?????
???? ?? ?????????? ??? ???? ?????? ? ?????? ???????? ?????????
??? ???? ???????? ?? ???? ?????
?? ? ??????? ????? ? ??????? ????? ??? ?? ????????? ???
x˙s = f(xs, xp, u) + w ????
????? xs ?????????? ??? ???????? ??????? xp ?????????? ???
???????? ?????????? ??? w ?? ??? ??????? ????? ???????
???????? ???? ??? ?????? ?? ??????? ?? ?? ??????? ????? ???
?????????? ???? ????? ????? ?????? ???
x˙s = A · xs + B · u + w ????
y = C · xs + v ????
????? xs ?????????? ??? ????? ??????? [β, r, φv, φ˙v, φr, pf , r]T ?
? ?? ??? ?????? δ? y ?? ??? ??????????? ??????? [β, r, φ, φ˙]T ???
v ?? ??? ??????????? ????? ??????? w ??? v ??? ??????? ??
?? ?????? ???? ???? ??? ?????????????
w ∼ N (0, Q)
v ∼ N (0, R) ????
????? Q ??? R ??? ??? ?????????? ???????? ?????????? ???
???????????? ?????????? ?? ??? ????? ??? ??????????? ??????
??? ?????? ?? ???????? A? B ??? C ??? ?????? ?? ????????
???
?? ????? ?? ??????? ???? ??? ??????? ????? ??? ???????? ?????
????? ?????? ?? ?????????
xs,k = Ad · xs,k−1 + Bd · uk + wk
yk = C · xs,k + vk ????
?????? xs,k = [βk, rk, φv,k, φ˙v,k, φr,k, pf,k, r,k]T ? Ad = (1 +
Ts · A)? Bd = Ts · B ??? Ts ?? ??? ?????? ????? Ad ??? Bd
??? ????????? ????? ?????? ?? ??? ????????? ??????? xp =
[Cαf , Cαr, Ix, Iz,Ksusp, Csusp, hcr]T ?
?? ???? ????? ? ??? ????????? ??? ???? ???? ?? ????????
???? ??? ?????????? ?? ??????? ????? ??? ??? ??????? ??????? ??
????? ???? ???? k? ? ?????? ????? ????? ????????? ??? ????? ?????
??? ??????? ????????? ???????? x˜p? ????? ? ?????? ?????????
????? ????????? ??? ??????? ?????????? ????? ??? ??????? ?????
???????? x˜s?
??? ??? ?? ?????????? ?? ??? ????????? ????????? ?????
??????
?? ????????? ???????????
x˜p,k|k−1 = x˜p,k−1|k−1 ????
Pp,k|k−1 = Pp,k−1|k−1 + Qp ????
?? ????? ???????????
x˜s,k|k−1 = Ad
(
x˜p,k|k−1
) · x˜s,k−1|k−1+
Bd
(
x˜p,k|k−1
) · uk ????
Ps,k|k−1 = Ad
(
x˜p,k|k−1
) · Ps,k−1|k−1 ·Ad (x˜p,k|k−1)T
+Qs
????
?? ????? ???????????
Ks,k = Ps,k|k−1 + CT ·
[
C · Ps,k|k−1 · CT + Rs
]−1
????
x˜s,k|k = x˜s,k|k−1 + Ks,k ·
[
yobs − C · x˜s,k|k−1
]
????
???? ???????????? ?? ??????????? ?????????????? ???????? ???? ??? ??? ?? ?????? ???? ?
???? ?? ????????? ?????????????
A =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
− Ieq·C0Ix·m·Vx −1−
Ieq·C1
Ix·m·V 2x
h·(m·g·hcr−Ksusp)
Ix·Vx −
hcr·Csusp
Ix·Vx −
g
Vx
0 0 0
−C1Iz − C2Iz·Vx 0 0 0 0 0 0
0 0 0 1 0 0 0 0
−C0·hcrIx −C1·hcrIx·Vx
(m·g·hcr−Ksusp)
Ix
−CsuspIX 0 0 −1 0
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
;B =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Ieq·Cαf
Ix·m·Vx
a·Cαf
Iz
0
hcr·Cαf
Ix
0
0
0
0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
C =
⎡
⎢⎢⎣
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0
⎤
⎥⎥⎦
????
Ps,k|k = [I −Ks,k · C] · Ps,k|k−1 ????
?? ????????? ???????????
Kp,k = Pp,k|k−1 + JT ·
[
J · Pp,k|k−1 · JT + Rp
]−1
????
yest =
[(
Ad
(
x˜p,k|k−1
) · x˜s,k|k + Bd (x˜p,k|k−1) · u)]
????
x˜p,k|k = x˜p,k|k−1 + Kp,k · [yobs − yest] ????
Pp,k|k = [I −Kp,k · J ] · Pp,k|k−1 ????
????? Pp ??? Ps ??? ??? ????? ?????????? ???????? ??? ???
???????? ??? ??????? ????????????? Kp ??? Ks ??? ??? ???????
?????? ???? ???????? ??? ?????????? ??? ??????? ?????????????
??? ??? ??????? ?? ??? ????????? ?? ??? ???? ??????????
????????? Rp? Rs? Qp ??? Qs? ????? ????????? ??? ?????
?????????? ?????? ?? ??? ???? ??????? yobs? ??? ????????????
??? ????? ??????????? ??? ??? ?????
Rs = Rp =
⎡
⎢⎢⎣
σ2β 0 0 0
0 σ2r 0 0
0 0 σ2φ 0
0 0 0 σ2
φ˙
⎤
⎥⎥⎦ ????
??? ???????????? ??? ????? ??????????? ??? ????? ?? ??????
?????? ????? σβ = 0.01 ???? σr = 0.01 ?????? σφ = 0.1 ???
??? σφ˙ = 0.01 ??????
??? ??????? ????? ?????????? ?????? ?? ????? ????????? ??
????? ???
Qs = R0 · I ????
????? R0 ?? ? ????? ????? ????? ?? ??? ????? R0 ????? ??? ?????
100, 000? ??? ??????? ????? ?????????? ?????? ?? ?????????
????????? ?? ????? ???
Qp = diag
[
σ2Cαf , σ
2
Cαr , σ
2
Ix , σ
2
Iz , σ
2
Ksusp , σ
2
Csusp , σ
2
hcr
]
????
??? ????????? σCαf , σCαr , σIx , σIz , σKsusp , σCsusp , σhcr ???
?? ?? ????? ?? 1% ?? ??? ????????????? ??????? ?????? ??
?????????? ????? Cαf , Cαr, Ix, Iz,Ksusp, Csusp, hcr? ? ?? ???
???????? ?????? ?? ????????? ?????????? ???? ?????? ??? ??
??????? ?? ?? ????? ?? ???????? ???
?? ??????????? ??????? ???????? ?????????? ????????
?? ???? ???????? ???????? ????? ?????????? ??? ?????? ???
???????? ??????? ??????? ????? ???????? ??????? ???? ???????
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J=∂f(xs,xp)∂xp xs,k,xp,k
=


∂βk∂Cαf
∂βk∂Cαr
∂βk∂Ix
∂βk∂Iz
∂βk∂Ksusp
∂βk∂Csusp
∂βk∂hcr∂rk∂Cαf
∂rk∂Cαr
∂rk∂Ix
∂rk∂Iz
∂rk∂Ksusp
∂rk∂Csusp
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thattheestimationoftheparametersandstateshastosatisfy
theirrespectiveconstraints.Toconsiderthisfact,theDKFhas
tobemodifieinordertoincorporatetheconstraints.Inthis
work,onlyparameterconstraintsareconsidered.Statescanbe
alsoconstrainedbutthisimpliesmorecomputationalefortand
achievedresults(seeSectionIV)showthatitisnotnecessary
totakethemintoaccount.Theparametersshouldstaywithin
certainpositiveranges:
LB≤[Cαf,Cαr,Ix,Iz,Ksusp,Csusp,hcr]≤UB (32)
wherevectorsLBandUBrepresentthelowerandupper
boundsofthevehicleparameters,respectively.Theproposed
constraineddualestimationisbasedonpdftruncational-
gorithm[23][33][27].Inthisapproach,thepdf,whichis
calculatedbytheKalmanfilte,istakenandtruncatedatthe
constraintedge.Theconstrainedparametersbecomeequalto
themeanofthetruncatedpdf.TheDKFestimate˜xp(k)is
aGaussianrandomvariablewitha meanofxp(k)anda
covarianceofPp,k|k.Supposethatattimek,pscalarparameterconstraintsare
given:
ak,i≤DTk,i·˜xp,k|k≤bk,i i=1,...,p (33)
whereak,i <bk,i.Thisisatwo-sidedconstraintonthe
linearfunctionoftheparameterDTk,i·˜xp,k|k.NowsupposeattimekthatwehaveaKalmanFilterestimatexpwith
covariancePp,k|k.TheproblemistotruncatetheGaussian
pdfN(˜xp,k|k,Pp,k|k)atthepconstraints,andthenfinthe
meanx˜p,k|kandcovariancePp,k|kofthetruncatedpdf.Becauseofthedificult ofcomputingthedistribution
truncated withal parameterconstraints,thealgorithmis
approximatedbyasequentialtruncation witheachsingle
constraint.
Tocompute(˜xp,k|k,Pp,k|k)giventheassociatedi−thpa-
rameterconstraintinequation33,thefirsstepistoinitialize:
i=0
x˜p,i(k)=˜xp,k|k
Pp,i(k)=Pp,k|k
(34)
Weperformthetransformation:
zk,i=Si·W−1/2i ·TTi·(xp,i(k)−x˜p,i(k)) (35)
TiandWiareobtainedfromtheJordancanonicaldecompo-
sitionofPp,i(k),whichsatisfies
Ti·Wi·TTi =Pp,i(k) (36)
SiisanorthogonalmatrixobtainedbyusingGram-Schmidt
orthogonalisationthatsatisfie[23]:
Si·W1/2i ·TTi·Di(k)=[(DTi(k)·Pp.i(k)·Di(k)1/2 0 ...0]T(37)
Fromequations35,36and37,itisshownthatvector
zk,ihasamean0andcovariancematrixofidentity,andthe
constraintistransformedinanormalizedscalarconstraint:
ck,i≤ 1 0 ···0 ·zk,i≤dk,i (38)
where:
ck,i= ak,i− D
Ti(k)·˜xp,i(k)
DTi(k)·Pp,i(k)·Di(k)1/2
(39)
and
dk,i= bk,i− D
Ti(k)·˜xp,i(k)
DTi(k)·Pp.i(k)·Di(k)1/2
(40)
Sincezk,ihasanidentitycovariancematrix,itselementsare
statisticalyindependentofoneanother.Onlythefirselement
ofzk,iisconstrained,sothepdftruncationreducestoaone-
dimensionaltruncation.
Wenormalizethetruncatedpdfsothatithasanareaof
one,andthefirselementofzk,iisconstrainedbetweenck,i
anddk,i:
pdf(ζ)= αi·exp−ζ2 2 ζ∈[ck,i,dk,i]0 otherwise
αi=
√2√π·[erf(dk,i/√2)−erf(ck,i/√2)]
(41)
whereerf(·)representstheerorfunction.
Inthiscase,thetruncatedmeanµiandcovarianceσ2iarecomputedas:
µi =αi·dk,ick,i ζ·exp−ζ2 2·dζ
=αi·exp−c2k,i 2 −exp−d2k,i 2
(42)
σ2i = αi·dk,ick,i (ζ−µi)2·exp−ζ2 2·dζ
= αi·exp−c2k,i 2 ·(ck,i−2µi)−
exp−d2k,i 2 ·(dk,i−2µi)+µ2i+1
(43)
Wecancomputethemeanandvarianceofthefirselement
ofzk,iafterconstraintenforcementas:
z˜k,i= µi 0 ...0 T (44)
cov(˜zk,i)=diagσ2i,1,...,1 (45)
wherediag(a,b,...)representsadiagonalmatrixwhosedia-
gonalelementsarea,b,...
Themeanandvarianceoftheparameterstate,afterenforce-
mentofthefirsconstraint,areobtainedtakingtheinverseof
thetransformationofequation35:
x˜p,i+1(k)=T·W1/2·STi ·˜zk,i+˜xp,i(k) (46)
Pp,i+1(k)=T·W1/2·STi·cov(˜zk,i)·Si·W1/2·TT (47)
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